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ABSTRACT
As the size of data sets used to build classifiers steadily
increases, training a linear model efficiently with limited
memory becomes essential. Several techniques deal with
this problem by loading blocks of data from disk one at a
time, but usually take a considerable number of iterations to
converge to a reasonable model. Even the best block mini-
mization techniques [1] require many block loads since they
treat all training examples uniformly. As disk I/O is expen-
sive, reducing the amount of disk access can dramatically
decrease the training time.

This paper introduces a selective block minimization (SBM)
algorithm, a block minimization method that makes use of
selective sampling. At each step, SBM updates the model
using data consisting of two parts: (1) new data loaded from
disk and (2) a set of informative samples already in memory
from previous steps. We prove that, by updating the linear
model in the dual form, the proposed method fully utilizes
the data in memory and converges to a globally optimal so-
lution on the entire data. Experiments show that the SBM
algorithm dramatically reduces the number of blocks loaded
from disk and consequently obtains an accurate and stable
model quickly on both binary and multi-class classification.

Categories and Subject Descriptors
I.5.2 [Pattern Recognition]: Design Methodology—Clas-
sifier design and evaluation

General Terms
Algorithms, Performance, Experimentation

1. INTRODUCTION
In the past few years, the size of data sets used to build

classifiers has steadily increased. Significantly larger amounts
of annotated data are available now (e.g., for web applica-
tions such as spam filtering), and it has been argued that
using more samples and adding more features (e.g, using
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n-gram in a bag-of-words model) actually boosts perfor-
mance [2]. In some applications, unlimited amounts of an-
notated data can be generated (e.g., see Sec. 7). Linear clas-
sification models have been shown to handle large amounts
of data well, and several optimization techniques (e.g., [3, 4,
5]) have been applied to efficiently train linear models. How-
ever, when the data cannot fit into memory, batch learners,
which load the entire data during the training process, suffer
severely due to disk swapping [1]. In these cases, training
techniques that deal well with memory limitations become
crucial.

A popular scheme that addresses the memory problem
processes the data in an online fashion in multiple rounds
(e.g., [6, 7, 4, 8]). However, an online learner, which per-
forms a simple weight update over a single training example
at a time, usually requires a large number of iterations to
converge. Therefore, when an online learner loads data
from disk at each step, disk I/O overhead becomes the bot-
tleneck of the training process. Sec. 7 shows an example
where the online learner MIRA [9] takes more than one hour
loading data but spends less than one minute updating the
model. As discussed in [1], training time consists of (1) the
time used to update the model’s parameters given the data
in memory and (2) the time needed to load data from disk.
The machine learning literature focuses on the first issue and
neglects the second. Consequently, most algorithms aim at
reducing CPU time and the number of passes over the data
required to obtain an accurate model (e.g, [4, 5]). However,
the cost of disk access could be orders of magnitude higher.
In this paper, we focus on the second issue – saving I/O time
by reducing disk access. To our knowledge, this is the first
work that targets minimizing disk access when training a
linear model.

There are two ways to reduce the expensive I/O over-
head. One is by applying data compression to reduce load-
ing time. The other, orthogonal direction, is algorithmic.
It suggests placing more effort on learning from data that
is already in memory (e.g, [7, 8]). Recently, [1] proposed
a block minimization framework which makes progress in
both directions. Their solver splits the data into blocks and
stores them in compressed files. By loading and training
on a block of samples at a time, it employs a better weight
update scheme and achieves faster convergence than online
algorithms. However, they assume that all training sam-
ples are equally important and treat them uniformly. Con-
sequently, their proposed block minimization method still
requires a considerable number of iterations to converge to
a reasonable model.
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Figure 1: The figure illustrates how a block minimization
method wastes resources by considering a lot of unimportant
samples (blank circles/triangles), while the selective block
minimization (SBM) algorithm focuses on training on in-
formative samples (solid circles/triangles) by caching. The
circles/triangles represent the samples drawn from the en-
tire data set. We treat samples closer to the final separator
(w∗) as more informative (see Sec. 2.2).

This paper develops the selective block minimization (SBM)
algorithm, which is shown to significantly improve the I/O
cost. SBM can be applied to various linear models, such
as SVM and Logistic Regression, when the model can be
learned in the dual form. At each step, the proposed algo-
rithm solves the minimization problem on a block of data
consisting of new samples loaded from disk along with sam-
ples that are already stored in memory, selected from pre-
vious steps. The cached samples are selected based on gra-
dient information computed while solving the sub-problem.
Figure 1 illustrates the comparison between the proposed al-
gorithm and the block minimization framework (details are
given in Sec. (2)). By caching informative samples in mem-
ory, the selective block minimization algorithm fully utilizes
the memory capacity. The proposed method enjoys the fol-
lowing properties:
• SBM caches informative samples in memory, thus re-

quiring fewer data loads before reaching a given level
of performance relative to existing approaches. For ex-
ample, in one document classification experiment (Sec.
7.2), SBM obtained a model that was as accurate as
the optimal one with just a single pass over the data
set. For the same data, the current best method [1]
requires loading the data from disk 10 times to reach
the same performance. That is, SBM saves I/O access
by reducing the number of required iterations.
• SBM caches data selectively and thus treats samples

non-uniformly, but it still keeps the convergence prop-
erties of the block minimization approach.

We present experimental results that exhibit the dramatic
reduction in training time achieved by SBM when solving
large binary and multi-class problems with limited memory.
Moreover, when SBM is required to load each sample into
memory once, it is shown to outperform online learners.

The rest of this paper is organized as follows. The selec-
tive block minimization algorithm is presented in Sec. 2.
Extensions to multi-class classification and streaming data
are discussed in Sec. 3 and 4. We address implementation
issues in Sec. 5 and analyze SBM’s relations with other al-
gorithms for learning with large scale data in Sec. 6. Exper-
imental results are presented in Sec. 7, and Sec. 8 concludes
with some discussion. Proofs, additional experiments, and
code can be found at
http://cogcomp.cs.illinois.edu/page/publication_view/660.

Algorithm 1 A Selective Block Minimization Algorithm
for Linear Classification

1. Split data D into subsets Bj , j = 1 . . . m.
2. Initialize α = 0.
3. Set cache set Ω1,1 = ∅.
4. For t = 1, 2, . . . (outer iteration)

For j = 1, . . . , m (inner iteration)
(a) Read Bj = (xi, yi)i=1...mD

from disk.
(b) Obtain dt,j by exactly or loosely solving (3)

on W t,j = Bj ∪ Ωt,j , where Ωt,j is cache.
(c) Update α by (4).
(d) Select cached data Ωt,j+1 for next round from

W t,j (see Sec. 2.2).

2. SELECTIVE BLOCK MINIMIZATION
In this section, we describe the selective block minimiza-

tion method by exemplifying it in the context of a L1-loss
linear SVM for binary classification. Given a sequence of
data D = {(xi, yi)}

l
i=1, xi ∈ Rn, yi = {1,−1}, linear SVM

considers the following minimization problem:

minw 1/2‖w‖2 + C
Xl

i=1
max(1− yiw

T
xi, 0), (1)

where C > 0 is a penalty parameter. Instead of solving (1),
in this paper we solve its equivalent dual problem:

minα f(α) = (1/2)αT Qα − e
T
α

subject to 0 ≤ αi ≤ C, i = 1, . . . , l, (2)

where e = [1, . . . , 1]T and Qij = yiyjx
T
i xj . Eq. (2) is a

box constraint optimization problem, and each variable cor-
responds to one training instance. Let α

∗ be the optimal
solution of (2). We call an instance (xi, yi) a support vector
if the corresponding parameter satisfies α∗

i > 0, and an in-
stance i is an unbounded support vector if 0 < α∗

i < C. We
show in Sec. 2.2 that unbounded support vectors are more
important during the training process.

With abundant memory, one can load the entire data set
and solve (1) or (2) with a batch learner. However, when
memory is limited, only part of the data can be consid-
ered at a given time. [1] applies a block minimization tech-
nique to deal with this situation. We first introduce their
method for solving (2). In [1] the data is split into subsets
Bj , j = 1 . . . m, and a two-level iterative procedure is con-
sidered, as follows. Initializing α to zero vectors, the block
minimization algorithm generates a sequence of solutions
{αt,j}t=1...∞,j=1...m. We refer to the step from α

t = α
t,1 to

α
t+1 = α

t,m+1 as an outer iteration, and α
t,j to α

t,j+1 as
an inner iteration. For updating from α

t,j to α
t,j+1, [1] con-

siders solving a sub-problem on Bj . After the sub-problem is
solved, they update the models and removed all the samples
i, i ∈ Bj from memory, and then load another block into it.
As each sample only appears in one Bj , their process treats
all the samples equally. Since informative samples are likely
to be present in different blocks, the solver wastes time on
unimportant samples.

Intuitively, we should select only informative samples and
use them to update the model. However, trying to select
only informative samples and using only them in training
may be too sensitive to noise and initialization and does not
yield the appropriate convergence result we show later. In-
stead, we propose a selective block minimization algorithm.
On one hand, as we show, our method maintains the conver-
gence property of block minimization by loading a block of
new data Bj from disk at each iteration. On the other hand,
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it maintains a cache set Ωt,j , such that informative samples
are kept in memory. At each inner iteration, SBM solves the
following sub-problem in the dual on W t,j = Bj ∪ Ωt,j :

d
j,t = arg mind f(α + d)

subject to dW̄ t,j = 0, 0 ≤ αi + di ≤ C, ∀i,
(3)

where W̄ t,j ={1 . . . l}\W t,j . Then it updates the model by

α
t,j+1 = α

t,j + d
t,j . (4)

In other words, it updates αW , while fixing αW̄ . [1] shows
that, by maintaining a temporary vector w ∈ Rn, solving
equation (3) only involves the training samples in W t,j . Af-
ter updating the model, SBM selects samples from W t,j to
the cache Ωt,j+1 for the next round.

We discuss the cache selection in Sec. 2.2 and show that
by solving the sub-problem mentioned above with coordi-
nate descent methods, SBM reduces to a dual coordinate
descent method [3] and converges to the global solution of
(2), regardless of the cache selection strategy. Note that
the samples in cache Ωt,j+1 are only chosen from W t,j and
are already in memory. If a sample is important, though,
it may stay in the cache for many rounds, as Ωt,j ⊂ W t,j .
Algorithm 1 summarizes the procedure.

We assume here that the cache size and the data partition
are fixed. One can adjust the ratio between |Ω| and |W |
during the training procedure. However, if the partition
varies during training, we lose the advantage of storing Bj

in a compressed file. In the rest of this section, we discuss the
design details of the selective block minimization method.

2.1 Solving using Dual Coordinate Decent
While [1] considers solving the linear SVM both in the

primal and in the dual forms, here we only consider solving
it in the dual form. The reason is that primal methods di-
rectly update w, which corresponds to the entire data set
[4], so they usually assume that samples are treated uni-
formly. In Algorithm 1, a cached sample appears in several
sub-problems within an outer iteration. Therefore, primal
methods cannot directly apply to our model. In the dual, on
the other hand, each αi corresponds to a sample. Therefore,
it allows us to put emphasis on informative samples, and
train the corresponding αi.

Following the discussion in [1], we use LIBLINEAR [10] as
the solver for the sub-problem. LIBLINEAR implements a
dual coordinate descent method [3], which iteratively up-
dates variables in W t,j to solve (3) until the stopping con-
dition is satisfied. The following theorem shows the conver-
gence of {αt,j} in Algorithm 1:

Theorem 1

Assume that a coordinate descent method is applied to solv-

ing (3). For each inner iteration (t, j) assume that

• the number of updates, {tt,j}, used in solving the sub-

problem is uniformly bounded, and

• each αi, ∀i ∈W t,j , is updated at least once.

Then, the vector {αt,j} generated by algorithm 1 globally

converges to an optimal solution α
∗ at a linear rate or better.

That is, there exist 0 < µ < 1 and k0 such that

f(αk+1)− f(α∗) ≤ µ
“

f(αk)− f(α∗)
”

, ∀k ≥ k0.

The proof can be modified from [1, Theorem 1].
Sec. 3.1 and Sec. 3.2 in [1] show that the sub-problem

can be solved tightly until the gradient-based stopping con-
dition holds, or solved loosely by going through the samples

in W t,j a fixed number of rounds. Either way, the first con-
dition in Theorem 1 holds (see [1, Theorem 2]). Moreover,
as LIBLINEAR goes through all the data at least once at its
first iteration, the second condition is satisfied too. There-
fore, Theorem 1 implies the convergence of Algorithm 1.
Notice that Theorem 1 holds regardless of the cache selec-
tion strategy used.

2.2 Selecting Cached Data
The idea of training on only informative samples appears

in the selective sampling literature [11], in active set methods
for non-linear SVM (see Sec. 6), and in shrinking techniques
in optimization [12]. In this section we discuss our strategy
for selecting Ωt,j from W t,j .

During the training, some αis may stay on the boundary
(αi = 0 or αi = C) until the end of the optimization process.
Shrinking techniques consider fixing such αis, thus solving
a problem with fewer variables. In the following, we show
that those unbounded support vectors with 0 < α∗

i < C
are more important during the training process. We first
show in the following theorem that, if we have an oracle
of support vectors, solving a sub-problem using only the
support vectors provides the same result as if training is
done on the entire data.

Theorem 2

Let α
∗ be the optimal solution of (2), V = {i | α∗

i = 0}

and V̄ = {1 . . . l} \ V . If α
′ is the optimal solution of the

following problem:

minα (1/2)αT Qα − e
T
α

subject to αV̄ = 0, 0 ≤ αi ≤ C, i = 1, . . . , l,

then f(α′) = f(α∗) and α
′ is an optimal solution of (2).

The proof is omitted due to space limitations. Similarly, if
we know in advance that α∗

i = C, we can solve a smaller
problem by fixing αi = C. Therefore, those unbounded
support vectors are more important and should be kept in
memory. However, we do not know the unbounded support
vectors before we solve (2). Therefore, we consider caching
unbounded variables (0 < αi < C), which are more likely to
eventually be unbounded support vectors.

In dual coordinate descent, αi is updated in the direction
of −∇if(α). Therefore, if αi = 0 and ∇if(α) > 0 or if
αi = C, and ∇if(α) < 0, then αi is updated toward the
boundary. Theorem 2 in [3] implies such αi will probably
stay on the boundary until convergence.

Based on the shrinking strategy proposed in [3], we define
the following score to indicate such situations:

g(αi) =

8

>

<

>

:

−∇if(α) αi = 0,∇if(α) > 0,

∇if(α) αi = C,∇if(α) < 0,

0 Otherwise.

g(αi) is a non-positive score with the property that the lower
its value is, the higher the probability is that the correspond-
ing αi stays on the boundary. We calculate g(αi) for each
sample i, and select the lc samples with the higher scores
into Ωt,j+1, where lc is the cache size.

In some situations, there are many unbounded variables,
so we further select those with the higher gradient value:

g(αi) =

8

>

<

>

:

−∇if(α) αi = 0,

∇if(α) αi = C

|∇if(α)| Otherwise.



To our knowledge, this is the first work that applies a shrink-
ing strategy at the disk level. Our experimental results in-
dicate that our selection strategy significantly improves the
performance of a block minimization framework.

3. MULTI-CLASS CLASSIFICATION
Multi-class classification is important in a large number

of applications. A multi-class problem can be solved by ei-
ther training several binary classifiers or by directly opti-
mizing a multi-class formulation [13]. One-versus-all takes
the first approach and trains a classifier w

i for each class
i to separate it from the union of the other labels. To
minimize disk access, [1] proposed an implementation that
updates w

1, w2 . . . wk simultaneously when Bj is loaded
into memory. With a similar technique, Algorithm 1 can
be adapted to multi-class problems and maintain separate
caches Ωu, u = 1 . . . k for each sub-problem. In one-versus-
all, the k binary classifiers are trained independently and the
training process can be easily parallelized in a multi-core ma-
chine. However, in this case there is no shared information
among the k binary classifiers so the solver has little global
information when selecting the cache. In the following, we
investigate an approach that applies SBM in solving a direct
multi-class formulation [14] in the dual:

minα fM (α) = 1/2
Xk

u=1
‖wu‖2+

Xl

i=1

Xk

u=1
eu

i αu
i

subject to
Xk

u=1
αu

i = 0, ∀i = 1, . . . , l (5)

αu
i ≤ Cu

yi
, ∀i = 1, . . . , l, u = 1, . . . , k, where

w
u =

Xl

i=1
αu

i xi, Cu
yi

=

(

0 if yi 6= u,

C if yi = u,
eu

i =

(

1 if yi 6= u,

0 if yi = u.

The decision function is

arg maxu=1,...,k(wu)T
x.

The superscript u denotes the class label, and the under-
script i represents the sample index. Each sample corre-
sponds to k variables α1

i . . . αk
i , and each w

u corresponds to
one class. Similar to Algorithm 1, we first split data into
m blocks. Then, at each step, we load a data block Bj and
train a sub-problem on W t,j = Bj ∪ Ωt,j

mind f(α + d)

subject to
Xk

u=1
(αu

i + du
i ) = 0, (αu

i + du
i ) ≤ Cu

yi
, ∀i, u

du
i = 0, if i /∈W t,j , (6)

and update the α by
α← α + d,

To apply SBM, we need to solve (6) only with the data
block W t,j . [15] proposed a sequential dual method to solve
(5). The method sequentially picks a sample i and solves
for the corresponding k variables αu

i , u = 1, 2, . . . , k. In
their update, i is the only sample needed. Therefore, their
methods can be applied in SBM. We use the implementation
of [15] in LIBLINEAR.

In Sec. 2.2, we mentioned the relationship between shrink-
ing and cache selection. For multi-class SBM, [10, Ap-
pendix E.5] describes a shrinking technique implemented in
LIBLINEAR. If αu

i is on the boundary (i.e., αu
i = Cu

i ) and
satisfies certain conditions, then it is shrunken. To select
a cache set, we consider a sample ‘informative’ if a small
fraction of its corresponding variables αu

i , u = 1, 2, . . . , k are
shrunken. We keep such samples in the cache Ωt,j . Sec. 7
demonstrates the performance of SBM in solving (5).

4. LEARNING FROM STREAMING DATA
Learning over streaming data is important in many appli-

cations when the amount of data is just too large to keep in
memory; in these cases, it is difficult to process the data in
multiple passes and it is often treated as a stream that the
algorithm needs to process in an online manner. However,
online learners make use of a simple update rule, and a sin-
gle pass over the samples is typically insufficient to obtain a
good model. In the following, we introduce a variant of SBM
that considers Algorithm 1 with only one iteration. Unlike
existing approaches, we accumulate the incoming samples
as a block, and solve the optimization problem one data
block at a time. This strategy allows SBM to fully utilize
its resources (learning time and memory capacity) and to
obtain a significantly more accurate model than in standard
techniques that load each sample from disk only once.

When SBM collects a block of samples B from the incom-
ing data, it sets the corresponding αi, i ∈ B to 0. Then,
as in Algorithm 1, it updates the model by solving (3) on
W = B ∪ Ω, where Ω is the cache set collected from the
previous step. In Sec. 2, we described SBM as process-
ing the data multiple times to solve Eq. (2) exactly. This
required maintaining the whole α. When the number of in-
stances is large, storing α becomes a problem (see Sec. 5.2).
However, when dealing with streaming data each sample is
loaded once. Therefore, if a sample i is removed from mem-
ory, the corresponding αi will not be updated later, and
keeping αi, i ∈ W is sufficient. Without the need to store
the whole α, the solver is able to keep more data in memory.

The SBM for streaming data thus obtains a feasible so-
lution that approximately solves (2). Compared to other
approaches for streaming data, SBM has two advantages:
• By adjusting the cache size and the tightness of solving

the sub-problems, we can obtain models with different
accuracy levels. Therefore, the solver can adjust to the
available resources.
• As we update the model on both a set of incoming

samples and a set of cached samples, the model is more
stable than the model learned by other online learners.

We study its performance experimentally in Sec. 7.2.

5. IMPLEMENTATION ISSUES
[1] introduces several techniques to speed up block min-

imization algorithms. Some techniques such as data com-
pression and loading blocks in a random order can also be
applied to Algorithm 1. In the following, we further discuss
implementation issues that are relevant to SBM.

5.1 Storing Cached Samples in Memory
In Step 4(d) of Algorithm 1, we update the cache set

Ωt,j to Ωt,j+1 by selecting samples from W t,j . As memory
is limited, non-cached samples i /∈ Ωt,j+1 are removed from
memory. If data is stored in a continuous array1 we need a
careful design to avoid duplicating samples.

Assume that W t,j is stored in a continuous memory chunk
MEMW . The lower part of MEMW , MEMΩ, stores the sam-
ples in Ωt,j , and the higher part stores Bj . In the follow-
ing we discuss a way to update the samples in MEMΩ from
W t,j = Ωt,j ∪ Bj to W t,j+1 = Ωt,j+1 ∪ Bj+1 without us-
ing extra memory. We want to update MEMW and store
1This operation can be performed easily if the data is stored
in a linked list. However, accessing data in a linked list is
slower than in an array.



Ωt,j+1 in its lower part. However, as Ωt,j+1 is selected from
Ωt,j ∪Bj , which is currently in MemW , we need to move the
samples in such an order that the values of samples in Ωt,j+1

will not be covered. Moreover, as data is stored in a sparse
format, the memory consumption for storing each sample is
different. We cannot directly swap the samples in memory.
To deal with this problem, we first sort the samples in Ωt,j+1

by their memory location. Then, we sequentially move each
sample in Ωt,j+1 to a lower address of MEMW and cover
those non-cached samples. This way, we form a continuous
memory chunk Ωt,j+1. Finally, we load Bj+1 after the last
cached sample in Ωt,j+1; MEMW stores W t,j+1 now.

5.2 Dealing with a Large α

When the number of examples is huge, storing α becomes
a problem. This is especially the case in multi-class clas-
sification, as the size of α grows rapidly since each sample
corresponds to k elements in α. In the following we intro-
duce two approaches to cope with this situation.
1. Storing αi, i /∈ W in a hash table: In real world
applications, the number of support vectors is sometimes
much less than the number of samples. In these situations,
many αis will stay at 0 during the whole training process.
Therefore, we can store the αis in a sparse format. That
is, we store non-zero αi > 0 in a hash table. We can keep
a copy of the current working αi, i ∈ W in an array, as
accessing data from a hash table is slower than from an
array. The hash strategy is widely used in developing large
scale learning systems. For example, VW uses a hash table
to store the model w when n is huge.
2. Storing αi, i /∈ W in disk: In solving a sub-problem,
αi, i /∈ W t,j are fixed. Therefore, we can store them in disk
and load them when the corresponding samples Bj , i ∈ Bj

are loaded. We maintain m files to save those αis which are
not involved in the current sub-problem. Then, we save the
αi to the jth file when the corresponding sample i ∈ Bj is
removed from memory. To minimize disk access, the αis can
be stored in a sparse format, and only the αis with non-zero
value are stored.

6. RELATIONS WITH OTHER METHODS
In Sec. 1 and Sec. 2 we discussed the differences between

the block minimization framework and our Algorithm 1. In
the following, we review other approaches to large scale clas-
sification and their relations to Algorithm 1.
Online learning: Online learning is a popular approach to
learning from huge data sets. An online learner iteratively
goes over the entire data and updates the model as it goes. A
commonly held view was that online learners efficiently deal
with large data sets due to their simplicity. In the following,
we show that the issues are different when the data does not
fit in memory. At each step, an online learner performs a
simple update on a single data instance. The update done
by an online learner is usually cheaper than the one done by
a batch learner (e.g., Newton-type method). Therefore, even
though an online learner takes a large number of iterations
to converge, it could obtain a reasonable model quickly [16,
17]. However, when the data cannot fit into memory, we
need to access each sample from disk again every round.
An online method thus requires large I/O due to the large
number of iterations required. One may consider a block of
data at a time to reduce the number of iterations.

Some online learning algorithms have considered solving

a block of data at a time. For example, Pegasos [4] allows a
block-size update when solving (1) with projected stochastic
gradient descent. However, as they assume data points are
randomly drawn from the entire data, they cannot do mul-
tiple updates on one block. Therefore, it still cannot fully
utilize the data in memory. Some online learning methods
have considered a caching technique. [18] suggested period-
ically updating the model on samples the model gets wrong.
However, their caching technique is ad-hoc and has no con-
vergence guarantees. To our knowledge, SBM is the first
method that uses caching and provably converges to (1).
Parallelizing batch algorithm: Although parallel algo-
rithms such as [19, 20] can scale up to huge problems, the
communication across machines still incurs a large overhead.
Moreover, the aforementioned algorithms still require that
training is done on a single machine, so we do not consider
parallel solutions in this work. Recently there have been
proposals for solving large problems by parallelizing online
methods using multi-core machines [21]. However, these
methods only shorten the learning time and do not solve
the I/O problem.
Reducing data size: Sub-sampling and feature pruning
techniques as in [22, 23] reduce the size of the data. In some
situations, training on a subset of the data is sufficient to
generate a reasonable model. But in other situations, the
huge amount of data is already preprocessed and further
pruning may degrade the performance. In fact, in SBM we
start from a model trained on a randomly drawn data block,
and iteratively improve the model by loading other sample
blocks. Therefore, its performance should be at least as good
as random sub-sampling.
Bagging models trained on a subset of the data: Bag-
ging [24] is an algorithm that improves test performance by
combining models trained on subsets of data. To train on
large data, a bagging algorithm randomly picks k-subsets of
the entire data, and trains k models {w1, w2, . . . , wk} sepa-
rately on each subset. The final model is obtained by aver-
aging the k models. Some analysis was provided recently in
[25]. Although a bagging algorithm can sometimes learn a
good model, it does not solve Eq. (1). Therefore, in prac-
tice, it is not clear if a bagging model can obtain as good a
classifier as obtained by solving (1).
Selective sampling: Selective sampling and active learn-
ing methods select informative samples for learning a model
[26, 27]. Even though their goal is different, these methods
can be applied when training on large data sets (See Sec. 6
in [22]). Starting from a subset of the data, selective sam-
pling methods iteratively select the samples that are close to
the current margin, and update the model on those samples.
To compute the margin accurately, a selective sub-sampling
method may require access to the entire data from disk,
which is expensive. In contrast, SBM loads a data block not
only for selection but also for training. It selects samples
into the cache only if they are already in memory. There-
fore, it suffers a very small overhead when selecting samples.
Moreover, selective sampling is not guaranteed to converge
to (1), while SBM converges linearly.
Related methods for non-linear models: In solving
non-linear models, data is usually mapped into a high di-
mensional feature space via a kernel trick. When the kernel
matrix goes beyond memory capacity, an active set method
(e.g., [28, 29, 30]) maintains an active set A and updates
only the variables αi, i ∈ A each time. If |A| is small, the



Table 1: Data statistics: We assume data is stored in a sparse representation. Each feature with non-zero value takes 16 bytes
on a 64-bit machine due to data structure alignment. l, n, and #nonzeros are number of instances, features, and non-zero
values in each training set, respectively. lt is the number of instances in the test set. Memory is the memory consumption
needed to store the entire data. #nBSV shows the number of unbounded support vectors (0 < αi < C) in the optimal
solution. #classes is the number of class labels.

Data set l lt n #nonzeros Memory (Bytes) C #nBSV #classes
webspam 280,000 70,000 16,609,143 1,043,792,623 16,700,681,968 64 7071 2
kddcup10 19,264,093 748,401 29,890,095 566,345,790 9,061,532,640 0.1 2,775,946 2
prep 60,000,000 5,710,649 11,148,531 918,704,364 14,699,269,824 0.1 - 10

corresponding kernel entries can be stored in memory and
the active set method yields fast training. Active set meth-
ods are related to our work as they also select samples during
training. However, the memory problem of dealing with non-
linear models is different from the one we face. Non-linear
solvers usually assume that samples are stored in memory,
while the entire kernel cannot be stored. Therefore, there
is no restriction on accessing data. In our case, the samples
can only be loaded sequentially from disk.

Another algorithm, Forgetron [31], is related to our work.
However, the focus there is different. When training a model
with a non-linear kernel, the model is represented by some
samples (support vectors). When they have too many sam-
ples to store in memory, Forgetron selects the samples which
can represent the current model best. In the linear case, w

can be directly stored. In our case, on the other hand, the
selection process is done in order to speed up the training
rather than to just represent the model more concisely.

7. EXPERIMENTAL STUDY
In this section, we first show that SBM provides an im-

provement over the block minimization algorithm (BMD)
in [1]. Then, we demonstrate that SBM converges faster
than an online learner. Finally, we investigate the setting in
which each sample is loaded from disk only once and show
that SBM deals better with streaming data.

We consider two large binary classification data sets, web-
spam and kddcup10, and one multi-class data set, prep. web-
spam is a document collection; kddcup10 is taken from ed-
ucational applications and has been used in the data min-
ing challenge.2 prep is a 10-classes classification task, aim-
ing at predicting the correct preposition in an English sen-
tence with a bag-of-words model [32].3 In kddcup10 and
webspam, the feature vectors are scaled to unit length, so
that ∀i, ‖xi‖ = 1. prep takes binary features, and we prune
the features which appear less than 5 times in all samples.
Table 1 lists the data statistics. As shown in [33], applying
sub-sampling or bagging downgrades the test performance
on kddcup10 and webspam. Each data set is stored as an
ASCII file before the training process.

We tune the penalty parameter C using a five-fold cross-
validation on the training data and report the performance
of solving (2) with the best parameter. This setting allows
SBM for linear SVM to be compared with other learning
packages such as VW. The implementation of BMD and

2kddcup10 is preprocessed from the second data set in KDD
Cup 2010. webspam and kddcup10 can be downloaded at
http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/.
3 prep is extracted from Wikipedia and New York Times. As
the annotation can be automatically generated from articles
(assuming the given text is correct), the supervised data can
be very large.

SBM is in C/C++4 with double precision in a 64-bit ma-
chine. We restrict each process to use at most 2GB memory.

7.1 Training Time and Testing Accuracy
Comparison between SBM and BMD: We compare
SBM with the block minimization algorithm in the dual
(BMD) [1], as both the algorithms consider a block of data
at a time. For a fair comparison, we take the largest block
size (|DBM| = maxj |Bj |) in BMD as a reference, and adjust
SBM to use the same amount of memory during training.
We consider three variants of Algorithm 1: SBM-1/2, SBM-
1/3, and SBM-1/2-rand. SBM-1/2 and SBM-1/2-rand load
half the memory with new data and the rest is kept for the
cache (|Bj | = |Ω| = 1/2|DBM|). SBM-1/3 reserves 1/3 of
the memory capacity for cache and loads the rest with new
data (|Ω| = 1/3|DBM| and |Bj | = 2|Ω|). Both SBM-1/2
and SBM-1/3 select the cached sample using the gradient
information as described in Sec. 2.2 and 3. SBM-1/2-rand
selects the cached sample by picking randomly from the sam-
ples in memory (W ). All sub-problems in BMD and SBM-
* are solved by a dual coordinate method with 10 rounds
(ti,j = 10). We split both webspam and kddcup10 into 12
blocks (m = 12)5 and split prep into 15 blocks in BMD.
The cache size and block size of SBM-* are adjusted ac-
cording to BMD. Each block is stored in a compressed file.
The compression introduces additional cost in storing com-
pressed files but it reduces the load time of each block (see
[1, Sec. 5.1]). We report the wall clock time in all experi-
ments including the initial time to generate the compressed
files (the time to read data from an ASCII file, split it, and
store the compressed data in disk.)

The number of αu
i s in prep is 600 million. Therefore, stor-

ing all αu
i takes 4.8GB memory which exceeds the memory

restriction. Following the discussion in Sec. 5.2, we store
the unused αu

i in files for BMD and SBM-*.
To check the convergence speed of each method, we com-

pare the relative difference between the dual objective func-
tion value (2) and the optimum (f(α∗)),

|(f(α)− f(α∗))/f(α)| , (7)

over time. We are also interested in the time it takes each
method to obtain a reasonable and stable model. Therefore,
we compare the difference between the performance of the
current model (acc(w)) and the best test accuracy among
all methods (acc∗)

(acc∗ − acc(w))%. (8)

Note that tightly solving (1) is not guaranteed to have the
best test performance. Some solvers may reach a higher
accuracy before the model converges.

4 The experimental code is modified from [1]
http://www.csie.ntu.edu.tw/~cjlin/liblinear/exp.html.
5Although the data size of webspam is larger than kddcup10.
kddcup10 has a huge number of samples and features, and
it takes about 500MB to store the model.

http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
http://www.csie.ntu.edu.tw/~cjlin/liblinear/exp.html
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(a) webspam (Obj.) (b) webspam (Acc.)

(c) kddcup10 (Obj.) (d) kddcup10 (Acc.)

(e) prep (Obj.) (f) prep (Acc.)

Figure 2: Comparison between the proposed methods
(SBM-*) and the block minimization algorithm (BMD) [1].
Left column: the relative function value difference (7) to
the minimum of (2). Right column: the test accuracy dif-
ference (8) from the best achievable accuracy. Time is in sec-
onds, and the y-axis is in log-scale. Each marker indicates
one outer iteration. As all the solvers access all samples
from disk once at each outer iteration, the markers indicate
the amount of disk access. It is shown that SBM-* con-
verges faster and obtains a more accurate and stabler model
quickly.

Figure 2 shows that all the SBM-* outperform BMD sig-
nificantly. By selecting cached samples using the gradient
information, our key methods, SBM-1/2 and SBM-1/3 per-
form even better. In particular, when the unbounded sup-
port vectors can fit into memory, SBM-1/2 and SBM-1/3
keep most of them in cache during the training process and
thus enjoy fast convergence.6 Consequently, the models gen-
erated are more stable in test. The performance of SBM-1/2
and SBM-1/3 are similar. This indicates that the model is
not sensitive to the ratio between block size and cache size.
Note that SBM is more general than BMD, as it is reduced
to BMD when the cache size is zero.

It’s interesting to note that even when the cached set is
selected randomly, SBM-1/2-rand is still faster than BMD.
One possible reason is that partitioning the data affects the
performance of the solver. BMD uses a fixed partition Bj , ∀j,
throughout the training process. For SBM, although, ∀j, Bj

is fixed as well, the cached set Ω varies at each iteration.

6E.g., in figure 2(a), more than 98% of the unbounded sup-
port vectors are stored in cache after 2 iterations.

Figure 3: A comparison between SBM and online learning
algorithms on webspam. We show the difference between test
performance and the best accuracy achievable (8). Time is
in seconds. The markers indicate the time it takes each
solver to access data from disk once. Except for VW, each
solver takes about 90 sec. in each round to load data from
the compressed files.

Therefore, SBM avoids wasting time on a bad data block.
When the number of bounded support vectors is large, the
selection of Ω is less important since drawing a sample ran-
domly already has a high probability of including bounded
support vectors in the cache (see figure 2(c)). SBM-* works
better in binary classification than in multi-class classifica-
tion, as sub-problems of the multi-class formulation take
more learning time. Thus, the I/O overhead plays a smaller
role at training time.
Comparison between SBM and online learners: In
Sec. 6, we mentioned that people in the community believe
that online learners are fast for large data sets since they
make use of a simple update rule. However, as we show,
online learners use more I/O time when the data is not in
memory. We compare the following solvers:
• VW7: an online learning package (version 5.1).8 It im-

plements a stochastic gradient descent method [34].
• BM-Pegasos: A version of Pegasos implemented under

a block minimization framework [1, 4].
• BMD-in-1: Similar to BMD but the inner solver goes

through the samples in each sub-problem only once.
• SBM: The same as SBM-1/2 in the previous experi-

ment.
We implemented Pegasos under the block minimization frame-
work such that it saves considerable I/O time by loading
data from a compressed file. Although VW also considers
a hinge loss function, it does not converge to (2). There-
fore, its final accuracy is different from that of the others.
Except for SBM, all the methods update the model on each
sample once per outer iteration. BMD-in-1 takes the same
update rule as the passive-aggressive online algorithm [9],
but it keeps α and its solution converges to (2). Except
for VW, all methods take about 90 seconds to access each
sample from the compressed files. VW has a faster imple-
mentation9 for loading data and takes about 70 seconds per
outer iteration.

Figure 3 shows the test performance over time (8) on web-
spam. SBM converges faster than other online methods to
the final performance. The reason is that an online learner
spends most of its time loading data instead of learning a

7 https://github.com/JohnLangford/vowpal_wabbit
8We use the latest version 5.1, and set the parameter as -b
24 --loss function hinge --initial t 80000 --power t 0.5 -l 1000
--compressed as the author suggested.
9 VW uses single floating point precision while our imple-
mentations use double precision. Although using single pre-
cision reduces the training time, numerical inaccuracy may
occur. In addition, VW is a multi-threaded program. It uses
one thread for loading data and another thread for learning.

https://github.com/JohnLangford/vowpal_wabbit


Table 2: Training time (wall clock time) and testing accuracy for each solver when each sample is loaded into memory only
once. We show both the loading time (the time to read data from an ASCII file) and the learning time. The reference model
is obtained by solving (1) until it converges (see text). We show that by updating the model on one data block at a time,
SBM obtains an accurate model for streaming data. Note that the time reported here is different from the time required to
finish the first iteration in Figure 2 (see text). Some entries in the table are missing. BM-Pegasos and VW do not support
multi-class classification. Also, it is difficult to access the I/O and learning time of VW since it is a multi-threaded program.
The top three methods are implemented in Java, and the rest are in C/C++.

Method
webspam kddcup10 prep

Training Time (sec.)
Acc.

Training Time (sec.)
Acc.

Training Time (sec.)
Acc.

I/O Learning Total I/O Learning Total I/O Learning Total

Perceptron 5078 31 5108 98.66 1403 42 1448 84.93 1843 903 2753 76.10
MIRA [9] 5392 27 5419 98.73 1265 44 1312 86.14 1829 816 2652 76.81
CW [8, 35] 4698 59 4757 99.49 1439 99 1535 89.07 1820 1121 2949 77.70

VW - - 507 98.42 - - 223 85.25 - - - -
BM-Pegasos 470 9 479 97.87 187 20 207 87.48 - - - -
BMD 472 60 532 99.48 181 201 382 88.62 265 649 914 80.06

SBM-in-3 484 81 565 99.55 181 151 332 89.54 321 778 1099 81.61
SBM 473 177 650 99.55 180 442 634 89.67 354 1956 2310 81.80

Reference - - - 99.55 - - - 89.90 - - - 82.90

model (see Sec. 6). For example, BM-Pegasos spends only
15 seconds updating the model. Therefore, it spends 85% of
the training time loading data. In contrast, the learning time
per iteration in SBM is 180 seconds. Thus, SBM uses 2/3
of the training time to update the model and consequently
converges faster.

7.2 Experiments on Streaming Data
In Sec. 4, we introduced a variation of SBM that deals

with streaming data. Now we investigate its performance.
In addition to the solvers BMD, SBM, BM-Pegasos and

VW introduced in previous experiments, we further com-
pare them to the implementations in [35].10 The package
currently supports the following solvers for data streams:
• MIRA: an online learning algorithm proposed in [9].
• CW: a confidences weighted online algorithm [8, 35].
• Perceptron: an online learning algorithm.

In addition, we consider a setting of SBM, SBM-in-3, in
which we only allow 3 rounds when solving each sub-problem
(the general setting allows 10 rounds). The training time
of this version of SBM is similar to the training time of
BMD. Note that MIRA, CW and Perceptron are implemented
in JAVA, and the rest of the solvers are implemented in
C/C++. For multi-class problems, we used the top-1 ap-
proach [35] in MIRA, CW and Perceptron.

Table 2 lists the training time and test accuracy when
each sample is loaded from disk only once. To see if loading
data once can achieve a result similar to running over the
data multiple times, we show a reference model in the table,
which solves Eq. (1) until the model converges. We provide
both the time to load data from an ASCII file (I/O) and the
update time of the model (Learning). For each solver we
focus on the ratio of loading to learning time rather than on
comparing the absolute times across different solvers. Note
that the time reported in Table 2 is different from the time to
complete the first round in Figure 2. Figure 2 includes the
time it takes to generate compressed files from an ASCII

10http://www.cs.jhu.edu/~mdredze/. The original package
takes a very long time to train on the webspam data set. It
might be due to the deep class hierarchy in the package. We
fixed the problem and sped up the package.

file. However, for streaming data, each sample is loaded
into memory once and there is no need to store data in
compressed files, resulting in shorter I/O time.

The results show that SBM is able to utilize the memory
capacity and spend more learning time to achieve an ac-
curate model. It even achieves a model that is almost as
accurate as the reference model on webspam. As the I/O is
expensive, for all the methods, the loading time takes a large
fraction of the total training time. Online methods such as
MIRA and Perceptron use a simple update rule. Their learn-
ing time is indeed small, but the model learned with a single
pass over the samples is far from converging. CW uses a
better update rule and achieves a more accurate model, but
the performance is still limited. In contrast, both SBM and
BMD are able to update on a data block at a time, thus tak-
ing more information into account. Therefore, they achieve
a better result. Comparing SBM-in-3 to BMD we see that
SBM-in-3 has a similar training time to that of BMD, but
learns a model with better accuracy. As shown, by keeping
informative samples in memory, SBM utilizes the memory
storage better. When the resources are limited, users can ad-
just the test performance of SBM by adjusting the memory
usage and the accuracy level of solving the sub-problems.

8. DISCUSSION AND CONCLUSION
In summary, we presented a selective block minimiza-

tion algorithm for training large-scale linear classifiers under
memory restrictions. We also analyzed the proposed algo-
rithm and provided extensive experimental results. To re-
duce the amount of disk access, we suggested caching infor-
mative samples in memory and updating the model on the
important data more frequently. We show that, even though
the proposed method treats data points non-uniformly, it
provably converges to the global optimum on the entire data.
Our experimental results on binary, multi-class and stream-
ing data, show the significant advantage of SBM over block
minimization and online algorithms. SBM converges quicker
to a more accurate and stable model.

We note that these methods can be applied more broadly.
For example, it can be applied for solving L2-loss SVM,

http://www.cs.jhu.edu/~mdredze/


regularized least square problems, and logistic regression, by
applying the corresponding dual solvers [3, 36]. Moreover,
note that in this work we considered sparse data stored in
row format. Therefore, we could split the data into blocks
and access particular instances. When data is stored in a
column format, splitting can only be done feature by feature.
It would be interesting to investigate how to extend our
method to this scenario.
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APPENDIX

A. PROOF OF THEOREM

Proof of Theorem 1
We follow the proof in [1, Theorem 1]. Theorem 2.1 of
[37] analyzes the convergence of coordinate descent meth-
ods. The theorem requires several conditions on (1) and
an almost cyclic update rule. [3, Theorem 1]) have proved
that Eq. (1) satisfies the required conditions. To satisfy the
second condition, we need to prove that, in the coordinate
decent method, there exists an integer T such that every
variable is updated at least once between the rth iteration
and the (r + T )th iteration, for all r. From Algorithm 1,
for each αi, there exists an index j such that αi ∈ Bj and
Bj ⊂W t,j . Therefore, the two assumptions imply αi is up-
dated at least once and the number of updates is bounded
at each outer iteration. Therefore, Algorithm 1 enjoys both
global and linear convergence.

Proof of Theorem 2
Let α

∗ be the optimal solution of (2), and α
′ is the optimal

solution of the following optimization problem:

min
α

1

2
α

T Qα − e
T
α

subject to αV̄ = 0, 0 ≤ αi ≤ C, i = 1, . . . , l.
(9)

The solution space of (2) is larger than (9). Therefore, f(α′)
is a feasible solution of (2). Since α

∗ is an optimum of (2),

f(α∗) ≤ f(α′). (10)

Since α
∗ satisfies the constraint αV̄ = 0, α

∗ is a feasible
solution of (9). As α

′ is an optimum of (9),

f(α′) ≤ f(α∗). (11)

Combining (10) and (11), we obtain

f(α′) = f(α∗). (12)

B. ADDITIONAL EXPERIMENTS
In this section, we demonstrate two additional experi-

ments. We first show the performance of SBM, BMD and
an online leanring package, VW under the single precision
floating point arithmetic. Then, we investigate the influence
of the cache size on the convergence of SBM.

B.1 Experiments Under The Single Precision
Floating Point Arithmetic

Some packages (e.g., VW) consider storing floating point
values in single precision. Using single precision has the
following advantages:

• Each feature with non-zero value needs only 8 bytes.
Therefore, the size of compressed cached files and the
memory usage are reduced.

• Calculations with single precision are usually faster than
with double precision.

However, using single precision sometimes induces numerical
inaccuracy. For the sake of robustness, some packages (e.g.,
LIBLINEAR) use double precision to store the data and the
model.

In Section 7.1, we follow the setting in [1] to implement
SBM and BM-* in double precision and keep VW using sin-
gle precision. Therefore, Figure 3 shows that the time cost
per iteration of VW is smaller than the other methods imple-
mented in double precision. In this section, we study the test
performance along time of each method under the single pre-
cision arithmetic on webspam data set. Besides the solvers
showed in Figure 3, we include a dual block minimization
method that solving the sub-problem with 10 rounds (BMD-
in-10). Figure 4 shows the results. By using single precision,
all the methods under the block minimization framework
(SBM and BM-*) reduce about 25% training time. In the
figure, VW, BM-Pegasos and BMD-in-1 take small effort at
each iteration, but they require considerable number of iter-
ations to achieve a reasonable model. In contrast, the cost of
BMD-in-10 and SBM per iteration is high, but they converge
faster.

Figure 4: A comparison among SBM, BMD and online
learning algorithms on webspam. All the methods are
implemented with single precision. We show the differ-
ence between test performance and the best accuracy
achievable (8). Time is in seconds. The markers indi-
cate the time it takes each solver to access data from
disk once.

B.2 Performance of SBM with Various Cache
Size

In this section, we investigate how is SBM sensitive to
the cache size. We experiment on the two binary classifica-
tion problems, webspam and kddcup10. We set cache size of
SBM to 0B (equivalent to BMD), 500MB, 1GB and 2GB.
We demonstrate the results of SBM when the sub-problem
is solved with 3 rounds and 10 rounds.

Figure 5 shows the results. For webspam data set, as the
number of unbounded support vectors is small, most of un-
bounded support vectors can be stored in cache even though
the cache size is small (e.g., 500MB). As a result, SBM does
not take advantage of large cache capacity. For kddcup10
data set, the number of unbounded support vectors is too
large to store in cache. In this situation, 5(c) shows that
when sub-problem is solved loosely, large cache size yields
faster convergence. However, if sub-problem is solved tightly
(see 5(d)), SBM takes too much effort on each sub-problem
and suffers from long training time. How to choose the cache
size and inner stopping condition of SBM can be a further
research issue.



Solving Subproblem with 3 rounds Solving Subproblem with 10 rounds

(a) webspam (in-3) (b) webspam (in-10)

(c) kddcup10 (in-3) (d) kddcup10 (in-10)
Figure 5: The relative function value difference (7) to the minimum of (2). Time is in seconds, and the y-axis is in
log-scaled. We show the performance of SBM with various cache size. BMD is equivalent to SBM with setting cache size
to zero. We demonstrate the situations that SBM solves the sub-problem with 3 rounds and 10 rounds.
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